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Abstract
The Baudha¯yana- ´Sulva-Su¯tra contains a prescription for the approximate quadrature of the circle (rule (I.59))
which is not given in any of the other ´Sulva-Su¯tras. We first review attempts of modern historians at reconstructing
the methods underlying this rule. We then propose a new rationale, which only uses manipulations with measuring
cords described in the text, and eschews the use of the operations on fractions and ratios attested only in much later
mathematical texts.
 2005 Elsevier Inc. All rights reserved.
Résumé
Le Baudha¯yana- ´Sulva-Su¯tra contient une règle de quadrature approchée du cercle, la règle (I.59), qui n’a pas
son pendant dans les autres ´Sulva-Su¯tras. Nous présentons les tentatives des historiens modernes visant à recons-
tituer la genèse de cette règle, et proposons une nouvelle solution, basée sur la manipulation du cordeau et de ses
subdivisions. Nous évitons ainsi entièrement les opérations sur les fractions, qui ne sont attestées en Inde que bien
plus tard.
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The ´Sulva-Su¯tras (“Aphorisms of the Cord”)1 appear to be the earliest treatises of Indian geometry
extant. They are appendices to ritual treatises and provide directions for the construction of ritual areas
and ritual brick structures described in these treatises. Four of them have been edited: the Baudha¯yana
´Sulva Su¯tra (Bau. ´Sl.S.); the ¯Apastamba- ´Sulva-Su¯tra ( ¯Ap. ´Sl.S.); the Ma¯nava- ´Sulva-Su¯tra (Ma¯. ´Sl.S.); and
the Ka¯tya¯yana- ´Sulva-Su¯tra (Ka¯. ´Sl.S.), named after their authors. Bau. ´Sl.S. is generally considered to
be the oldest; all four texts have several rules in common, and share a common purpose.2 The current
consensus among Indologists is to assign to these texts the period 800–400 B.C. The basis for this dating
may be found in the introduction to the standard editions of the primary sources.3
We are interested here in rule Bau. ´Sl.S. (I.59) for the quadrature of the circle. A number of modern
authors have attempted to reconstruct the rationale leading to this rule. We propose a more consistent
reconstruction of the derivation of this rule, based on the use of a modus operandi involving scalable
units, implemented with cords and bricks, and which reproduces the rules exactly as they are stated in
the text. In the remainder of this Introduction, we first briefly explain the nature of Bau. ´Sl.S. before
stating the problem posed by rule (I.59). Since there is general agreement that Bau. ´Sl.S. (I.58–62) should
be taken together, we give the text and translation of these five su¯tras, briefly analyze the problem in
modern terms, and outline the point of view underlying the paper.
The literature on Bau. ´Sl.S. (I.58–62) is extensive, and may be found in standard monographs and
surveys dealing with ancient Indian geometry such as [Cajori, 2000; Cantor, 1905; Datta, 1932;
Drenckhahn, 1936; Joseph, 1991; Kulkarni, 1983; Michaels, 1978; Müller, 1930; Sarasvati Amma, 1999;
Seidenberg, 1960/1962, 1972/1973; Sen and Bag, 1983; Srinivasiengar, 1967; Staal et al., 1983/2001],
all of which contain further references. For the benefit of the nonspecialist, extensive quotations from
primary and secondary sources are included all through the paper, to enable readers to use their own
judgment. The most important technical terms have been translated into English as far as possible.
1 ´Sulva means “cord”; the word is in fact not used in the Bau. ´Sl.S. except in the title. The regional variant ´Sulba is also used
by some authors. The inversion or confusion of v and b is observed in some regions of India; see Monier-Williams’ Sanskrit
dictionary under these letters. Su¯tras (literally, “threads”) are short statements (usually one or two lines each). They are supposed
to be precise, concise, and preferably suitable for memorization. The su¯tra genre is widely used in Indian treatises, on all
subjects. In the case of Bau. ´Sl.S., these statements include definitions, prescriptions for constructions, and general propositions.
The word su¯tra is usually translated by “aphorism” to suggest their brevity, although the Sanskrit word does not have the
connotation of “wise saying.”
2 The Bau. ´Sl.S. were first translated into English by Thibaut [1875]. A Sanskrit edition of Bau. ´Sl.S. with commentaries by
Vyan˙kat
.
es´vara Dı¯ks
.
ita and Dva¯raka¯na¯tha Yajva is due to Vibhu¯tibhu¯s
.
an
.
a Bhat
.
t
.
a¯ca¯rya [Baudha¯yana, 1979]. ¯Ap. ´Sl.S. was edited
by Bürk [1901, 1902], and Ma¯. ´Sl.S. by van Gelder [1963]. Sen and Bag [1983] give Bau. ´Sl.S., ¯Ap. ´Sl.S., and Ma¯. ´Sl.S., as well
as Ka¯. ´Sl.S.; this work also mentions further editions, and indicates textual variants; quotations from the Sanskrit are from this
edition. Four other ´Sulva Su¯tras available only in manuscript form are mentioned in [Datta, 1932; Renou and Filliozat, 1985];
they are attributed to Lauga¯ks
.
i, Va¯ra¯ha, Va¯dhu¯la, and Hiran
.
yakes´in.
3 Dating methods are as follows. For the oldest Indian mathematical texts, one relies on astronomical data for absolute chronol-
ogy, and on internal evidence (cross-references within the corpus, grammatical or sociological peculiarities, etc.) for relative
chronology. For the ´Sulvas, their approximate dating reflects essentially three facts: (a) they are later than the appearance of the
Sanskrit language in India; (b) they are earlier than the fixation of so-called “Classical Sanskrit”; (c) they must pre-date the rise
of the Jaina system, which involves more sophisticated mathematical material than is found in the ´Sulvas. For further details,
see [Mazars, 1992; Sarasvati Amma, 1999; Sen and Bag, 1983] and earlier references therein. As for later texts, many of them
include the date of composition expressed in terms of a known calendar.
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Bau. ´Sl.S. is broken up into three parts, consisting of 113, 83, and 323 su¯tras, respectively.4 The text is
meant to be self-contained for a reader familiar with the terminology of the ritual corpus. As is common
in Indian texts, the rationale is supposed to be provided by the teacher. We have two commentaries on
Bau. ´Sl.S., of uncertain date, which make reference to authors posterior to the ´Sulvas by about a thousand
years or more.
Of special interest to us are the first 62 su¯tras of part I of Bau. ´Sl.S.; they list general definitions
and rules, which are then applied systematically to the construction of the structures required in ritual.
This portion may be subdivided into four parts: (I.1–21) on units of measurement; (I.22–49) on the
construction and properties of squares and oblongs, including the theorem on the square of the diagonal
of a rectangle; (I.50–60) on the transformation of various figures without change of area; and rule (I.61–
62) giving an approximate value of the square root of 2. The “circulature problem” (transforming a square
into a circle of equal area) and the quadrature problem (transforming a circle into a square of equal area)
are addressed in (I.58) and (I.59–60), respectively.
Bau. ´Sl.S. is a particularly well-preserved text that is part of a sizable corpus. As a result, for rules
Bau. ´Sl.S. (I.58–62), there are no discrepancies between manuscripts: the variants indicated in Sen and
Bag’s edition of Bau. ´Sl.S. affect only single words, never the order of rules nor the syntax of sentences.
1.2. Text of su¯tras (I.58–62)
We now give for reference the text of su¯tras Bau. ´Sl.S. (I.58–62), which, as the reader will see, are
closely related.5
caturas´ram
.
man
.
d
.
alam
.
cikı¯rs
.
annaks
.
n
.
aya¯rdham
.
madhya¯tpra¯cı¯mabhya¯pa¯tayet |
yadatis´is
.
yate tasya saha tr
.
tı¯yena man
.
d
.
alam
.
parilikhet
If you wish to turn a square into a circle, draw half of the cord stretched in the diagonal from the center
toward the pra¯cı¯ line (i.e., stretch a cord from the center of the square to one of its corners, for instance to
the northeast corner, and move then the loose end of the cord toward south until the cord covers the pra¯cı¯,
the line running from the center of the eastern side of the square to the center of the western side; a piece of
the cord will of course lie outside the square), describe the circle together with the third part of that piece
of the cord which stands over (i.e., take for the radius of the circle the whole piece of the cord that lies
inside the square plus the third part of the piece that lies outside).6 (I.58)
man
.
d
.
alam
.
caturas´ram
.
cikı¯rs
.
anvis
.
kambhamas
.
t
.
au bha¯ga¯nkr
.
tva¯ bha¯gamekonatrim
.
s´adha¯ vibhajya¯s
.
t
.
a¯-
vim
.
s´atibha¯ga¯nuddharet |
bha¯gasya ca s
.
as
.
t
.
hamas
.
t
.
amabha¯gonam
If you wish to turn a circle into a square, divide the diameter into eight parts and one of these parts into
4 We use Thibaut’s numbering, which has been followed by all historians who worked on the problem considered in this paper.
Sen and Bag use a different numbering, obtained by introducing into Bau. ´Sl.S. the sectioning devised by Bürk for his edition of
the (later) ¯Ap. ´Sl.S. For convenience, we also indicate their numbering with the mention “S.B.” The sequence of statements is,
however, the same in all editions.
5 Translations of Bau. ´Sl.S. are generally taken from [Thibaut, 1875]; they are not strictly literal, but include many explanations
in parentheses, and are generally not misleading. (I.50–60) and (I.61–62) correspond to S.B. (2.1–11) and (2.12), respectively.
6 The reader may want to refer to Fig. 4.
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part left) less the eighth part (of the sixth part). (I.59)
api va¯ pañcadas´abha¯ga¯nkr
.
tva¯ dva¯vuddharet |
sais
.
a¯nitya¯ caturas´rakaran
.
ı¯
Or else divide (the diameter) into fifteen parts and remove two; that is the gross side of the square. (I.60)
prama¯n
.
am
.
tr
.
tı¯yena vardhayettacca caturthena¯tmacatustrim
.
s´onena
Increase the measure by its third and this third by its own fourth less the thirty-fourth part of that fourth.
(I.61)
savis´es
.
ah
.
The name of this increased measure is savis´es
.
a.7 (I.62)
There is general agreement that (I.59) must have been obtained by inverting the parallel rule (I.58) for
the circulature of the square which immediately precedes it,8 and that one should relate (I.58–60) to the
approximate rule for the diagonal of the square of unit measure in (I.61–62).
The problem treated here, first raised by Thibaut [1875] and reiterated in [Sarasvati Amma, 1999, 35],
is to explain how one could arrive at (I.59) in the absence of present-day knowledge, particularly on
fractions.
1.3. Brief analysis of the problem
Consider a square of side s, equivalent to a circle of radius r and diameter d = 2r . With this notation,
(I.58), (I.59), (I.60), and (I.61) correspond respectively to the formulae
r = s
2
+ a
3
, where a = (√2 − 1) s
2
; (1)
s/d = 1 − 1
8 × 29
{
28 + 1
6
− 1
8
× 1
6
}
; (2)
s/d = 1 − 2
15
; (3)
√
2 = 1 + 1
3
+ 1
4
× 1
3
− 1
34
×
(
1
4
× 1
3
)
. (4)
With the help of the theory of fractions as we know it today, the last expression reduces to 577/408; but
the difficulty, as we shall see, is that it is unlikely that reduction of fractions to the same denominator
was available at the time of Bau. ´Sl.S. Rule (I.58) may be understood as follows: given a square, consider
its side s and its diagonal s
√
2. The excess of the half-diagonal over the half-side is s2(
√
2 − 1). If we
7 This term, which refers to the length of the diagonal of a square of side equal to the measure, is discussed in Section 4.4,
which is devoted to the technical terminology used in the text.
8 Indeed, the parallel structure of (I.58) and (I.59) suggests this inversion.
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half-side s/2, the first approximation would be to take this amount to be of the form s2(
√
2 − 1)/n. It is
readily seen on a picture that n = 2 under-estimates this amount, and n = 4 gives an over-estimate. One
therefore takes n = 3.9
Thibaut suggested that (I.59) represents an inversion of (1), on the basis of the approximation (4)
of
√
2. He was motivated by the dexterity with fractions exhibited by the commentators. The derivation
of (I.59) was thus replaced by the verification of the identity
1224
1393
= 7
8
+ 1
8 · 29 −
1
8 · 29 · 6 +
1
8 · 29 · 6 · 8 −
41
8 · 29 · 6 · 8 · 1393 , (5)
of which the last fraction is neglected. Thibaut’s justification is slightly more involved, and is dis-
cussed in Section 3. Let us merely point out here one difficulty with this verification. As noted by
Drenckhahn [1936], anyone who can perform this computation is equally capable of noticing the de-
composition
1224
1393
= 7
8
+ 1
8 · 34 +
1
8 · 34 · 1393 , (6)
which is not only simpler, but also involves division by 34 as in (4).
Another difficulty with this line of thought comes from the examination of (I.60), which gives the
alternative quadrature formula (3). It is natural to assume that (I.60) should follow by the same argument,
using a different value of
√
2. But this requires us to take
√
2 equal to 19/13—a value which does not
arise in any of the usual approximation procedures that historians considered likely to have been used
(continued fractions, Heron’s formula, etc.).
Several ingenious ways around this problem were proposed; see Section 3. It turns out that it is not
possible to make sense of (I.59) in this manner. There must therefore exist a specific modus operandi,
distinct from the usual calculus of fractions, which yields (I.59) and (I.60) by inversion of (I.58). It would
also be more satisfactory if one could account for the fact that the approximation (I.61–62) is given last.
The guidelines which will enable us to reconstruct a modus operandi compatible with the operations
documented in the texts are presented next.
1.4. The modus operandi: a “scale-calculus”
1.4.1. Guidelines for a reconstruction
All editions suggest that Bau. ´Sl.S. represents a fairly coherent and stable set of procedures: the text
and the order of the su¯tras display a systematic, but nondogmatic, argumentation; it accordingly leaves
room for earlier and alternative viewpoints. On the other hand, some elements that one might expect
are missing: while definitions, statements, examples, and alternative solutions are outlined, the rationale
is generally omitted. Therefore, without some idea of what Baudha¯yana’s modus operandi could have
been, the text may appear to have no logical basis. Also, we need guidelines to help us decide when we
consider a reconstruction to be satisfactory, and why.
9 See, e.g., [Drenckhahn, 1936, 3]. One can show, with modern methods, that the next step in this line of argument would be
to replace 1 by 1 (1 − 1/14).3 3
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a professor might make for himself, specifying the operations required for the purpose to be achieved—
in this case, the construction of ritual areas and structures. The rationale is omitted because the text is
sufficient to remind the teacher of the points to be explained, and to help the diligent student to remember
what he or she has learned and to understand when one rule should be preferred to another. In this
perspective, the logical structure of the text and the operations actually seen at work in it are clues to help
us understand the rationale.
The first task is therefore to scrutinize the text (Section 4) and look for the examples in which we see
the teacher’s modus operandi at work, to find out which operations are allowed, and which are disallowed.
We should also pay attention to the fact that several rules are occasionally given for the same task, which
we take to mean that the teacher has several approaches to some problems, and is able to compare, and
perhaps improve them.
The second task is to investigate, within the framework of this modus operandi, which results appear
naturally, and in which order, and which results do not (Section 5). In this process, we must assume that
if we do not understand the text, it is due to our incomplete understanding of its underpinnings. If, on the
contrary, we are able to generate the results it presents, preferably in the form and order we find in it, we
shall consider that we have understood the text.
The problem posed by rule (I.59) presents a number of special features which make it particularly
suitable for such a study: First, we can ascertain that the modus operandi is not based on a calculus of
fractions; this results from the works of earlier historians, and is discussed in Section 3.10 An unfortunate
consequence is that the reconstruction will not appear to be “simple”: it is based on manipulations with
cords and bricks that are entirely unfamiliar to the modern reader, and that should not be replaced by their
modern equivalents. The criterion for correctness is therefore not simplicity, but consistency. Second, the
extreme conservatism of Indian authors, which is well known in all fields, leads to the preservation
of earlier results within a given school. We therefore have access to a layered discourse, in which the
progress of each generation may be seen. Thus, a number of approximations of
√
2 may be found by a
close scrutiny of the text; see Section 4.5. Third, the fact that (I.59) is only found in Bau. ´Sl.S. and not in
any other Indian text, let alone other cultures, simplifies the problem by enabling us to focus only on this
text and other documents of the same corpus. Finally, Bau. ´Sl.S., in (I.1–62) and other passages shows us
in action the elements of a modus operandi that is based on scalable units of length and area. This we call
“scale-calculus,”11 and will discuss next.
1.4.2. Scale-calculus
The teacher’s modus operandi is based on the manipulation of lengths and areas measured by cords
and bricks, but with a scalable unit of length.12 Indeed, all constructions involving linear measurement
10 For general information on fractions in India, see, e.g., [Datta and Singh, 1935, 1939; Filliozat and Mazars, 1987; Mazars,
1992].
11 There is no implication that infinitesimal methods, such as are attested much later in India, were considered at such an
early period. We take “calculus” in the sense of “a particular method or system of calculation or reasoning.” Thus, infinitesimal
calculus is a different calculus, in which the manipulation of infinitesimal quantities is allowed. In the same spirit, recall that
the calculi are small stones used for reckoning, which served as material adjunct to computation just as cords and bricks may
have. This meaning is consistent with the definition in the New Shorter Oxford (meaning 1a).
12 As was pointed out by several authors, these manipulations are already mentioned in Indian sources earlier than the ´Sulvas;
references to primary sources may be found, for instance, in [Bürk, 1901, 1902; Seidenberg, 1960/1962].
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ing a man’s height, it may be replaced by a bamboo rod. The cord has several uses: fixing distances,
obtaining straight lines, dividing a given length (presumably by folding a given cord), drawing circles,
and constructing right angles by stretching a marked cord between two pegs. This point was stressed by
Seidenberg [1959, 1960/1962, 1977/1978]. For area measurement, square bricks and their subdivisions
(by breaking) may be used. There are special names for fractions of a unit square brick.
Furthermore, there are two classes of units: absolute ones, related to natural lengths (millet or sesame
seeds, etc.) and relative units (such as the height of a given person), explicitly stated as variable.13 A unit
of length (a “measure,” prama¯n
.
am
.
) defines a square of unit area; this areal measure is also simply called
the “measure.”
Manipulation with cords enables one to perform division into an integral number of parts, multiplica-
tion by an integer, concatenation, subtraction of segments of cords, and comparison (by superposition).
These operations may be repeated: divide a cord into 8 parts, then the last part into 29, leave out 28 of
those parts, etc. The variability of the measure makes it possible to apply to a part the operation that
has been performed on the whole. Observe that the division of a length into a large number of parts is
considered as feasible in the text: given an integer N , the length of a part can be adjusted by trial and
error to fit N parts within a given length. Of course, how accurately these operations were carried out in
practice depended on the training of the operator, as in any profession.
There are similar operations with bricks, but they are complicated by the fact that there are several
ways of dividing a brick. The unit is again variable, because it is constructed from a variable “measure.”
Also, the sum or difference of two squares must be converted into a square geometrically, and a rule to
this effect is given in Bau. ´Sl.S. The same is also true of an integral multiple of a square area. Areas may
also be compared in a limited way, by superposition. We do not dwell here on the material aspects of the
manufacturing of bricks or cords.
All these elements lead to a mode of computation based on change of scale, subdivision, concatenation,
addition (iterated into multiplication), subtraction, and, if possible, comparison. Since the basic element
which makes these operations possible is the variability of the measure, this type of computation may be
called “scale-calculus.”
2. Modern equivalents of Baudha¯yana’s rules
In order to follow the derivations proposed in the literature, it is helpful to keep in mind the modern
equivalents and approximate decimal values for the numbers given in rules (I.58–62) (cf. Section 1.3).
These values may explain why Baudha¯yana’s rules were found acceptable for such a long time. We also
introduce some notation to enable the comparison of various derivations.
Consider a square of side s. Let r be the radius of the circle having the same area, d its diameter, and
d ′ the diagonal of the square of side s. Define σ , κ , and δ by
d = σs, s = κd, d ′ = δs,
13
“Enlargement and reduction are made, depending on the unit measure [of length] of the cord” Ka¯. ´Sl.S. (3.10) (ya¯vatprama¯n
.
a¯
rajjurbhavatı¯ti vivr
.
ddhe hra¯so bhavati).
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square of side s; we therefore shall write throughout
δ = √2.
Modern values are
κ = 1/σ ≈ 0.886227, σ = 2/√π ≈ 1.128379, and √2 ≈ 1.414214.
We now introduce approximate values for κ , σ , and
√
2. First of all, Eq. (1) gives
d
s
= 2r
s
= 1 +
√
2 − 1
3
= 1
3
(2 + √2 ).
This amounts to approximating σ by
σ1 = 13(2 +
√
2 ) ≈ 1.138071.
Inverting the circulature rule (I.58) amounts to finding
κ1 = 1/σ1 = 3
2 + √2 ≈ 0.8786796. (7)
The decimal approximations corresponding to (I.59–60) amount to two other approximations to κ :
κ ≈ κ2 = 1 − 18 · 29
[
28 + 1
6
(
1 − 1
8
)]
= 9785
11136
≈ 0.878682;
κ ≈ κ3 = 1 − 2/15 ≈ 0.866667. (8)
σ1 is therefore too large by a little less than 1%, and κ2 is much closer to κ1 than to κ . The value κ3
has been interpreted by some as an approximation to
√
3/2 [Datta, 1932; Müller, 1930; Raik and Il’in,
1974], corresponding to approximating the area of the circle by the average of the areas of the inscribed
and circumscribed squares.
Müller suggests that κ2 is a correction to
κ4 = 1 − 288 · 29 = 1 −
1
8
+ 1
8 · 29 =
51
58
≈ 0.879310. (9)
Drenckhahn and Cantor suggest that this value κ4 is itself a correction to
κ5 = 1 − 18 =
7
8
= 0.875.
14 samacaturas´rasya¯ks
.
n
.
aya¯rajjurdvista¯vatı¯m
.
bhu¯mı¯m
.
karoti.
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A.D.), in his commentary on rule (I.59), may also be noted:
σ ≈ σ1
(
1 − 1
118
)
(≈ 1.128426).
It appears to be motivated by a good approximation of π such as the one he quotes from ¯Aryabhat
.
a
(499 A.D.), namely 62,832/20,000 (equal to 3.1416).
Finally, (I.61–62) yield
√
2 ≈ 577
408
≈ 1.414216.
In practice, the quadrature rules are applied to structures a few meters in diameter. Taking
√
2 = 17/12,
one makes, on the diagonal of a square of side 10 m, an error of about 2.47 cm (close to one inch). With
rule (I.61–62), the error is reduced to about 0.021 mm, or 21 µm.
We may test the assumption that the approximate values κ2, . . . , κ5 were arrived at by substituting
an appropriate fractional approximation of
√
2 into Eq. (7): if we replace √2 in turn by 13,838/9,785,
19/13, 24/17, and 10/7, we find the values κ2, κ3, κ4, and κ5, respectively. Furthermore, if we substitute
577/408 for
√
2, we find yet another approximation of κ1, namely the fraction that Thibaut takes as
starting point of his argument:
κ1 ≈ κ6 = 12241393 ≈ 0.8786791.
Therefore, for κ2 to have been derived by Baudha¯yana in this manner, it would have been necessary for
him to assume
√
2 ≈ 13,838/9,785.
We shall not consider (I.58–60) to imply values of π , since the modern concept of π—common to
the expressions for the area and circumference of a circle, as well as those for the area and volume of
the sphere—is not at all relevant here; see [Smeur, 1970]. For discussions of values equivalent to π in
ancient Indian mathematical texts, see, e.g., [Ganitanand, 1990; Gupta, 1988; Kak, 1997; Kulkarni, 1978;
Kulkarni, 1983, Chap. 11].
Let us reiterate that we do not claim that any of the above formulae in this section was ever written
down in this form at the time of Bau. ´Sl.S.
3. Reconstructions proposed by earlier historians
Earlier attempts at understanding the derivation of Bau. ´Sl.S. (I.59) illustrate a natural line of inquiry,
which we briefly summarize.
Thibaut’s argument (Section 3.1) is based on the operations used by the commentators, which he
assumed to be similar in spirit to those of the authors of the ´Sulvas, even though there may be more than
a thousand years between them. Müller [1930] first suggested that using the commentators’ operations
would be anachronistic, and began questioning the availability of elaborate computational skills at such
an early period (Section 3.3).
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the value
√
2 = 17/12 − 1/12 × 34 = 577/408,
corresponding to (I.61), into
κ1 = 3
2 + √2 .
He also suggested that the text implies an intermediate quadrature rule associated with taking κ equal to
κ5, which follows if one takes for
√
2 the value 10/7 (Section 3.2). Müller [1930] and Drenckhahn
[1936] realized that this derivation was not satisfactory (Section 3.3). Müller proposed a derivation
based on the replacement of 2 by
√
2 × √2, and the insertion of an approximate value for √2 (Sec-
tion 3.4). Drenckhahn saw that the wording of (I.59) implies not one but three rules, each coarser than
the next, and therefore systematically investigated all sets of fractional expressions obtained in this
manner (Section 3.5). No set of approximations of √2 reproducing all the results in the text could be
found.
Drenckhahn also pointed out that a much simpler fractional expression than Cantor’s can be derived if
one divides by 34, rather than 29 (see Eqs. (5) and (6) in the Introduction). Thus, a calculus of fractions
cannot explain why 29 was chosen in preference to 34. More generally, a systematic method for com-
puting square roots may not be assumed as part of the background of Bau. ´Sl.S., for it would have led to
results which are not attested (Section 3.6).
The section closes with further contributions reported in [Kulkarni, 1983] (Section 3.7). They illustrate
two other derivations: one based on the approximation (1 + x)−1 ≈ 1 − x for x small, and the second
based on the comparison of 1224/1393 with 1224/1392.
3.1. Decomposing 1224/1393: Thibaut
Thibaut’s derivation of (I.59) starts from the assumption that we are dealing with a square of half-side
equal to 12 an˙gulas, and proceeds by applying Eqs. (4) and (1). He is led to convert all lengths into
thirds of tilas15 to avoid fractional expressions. More precisely, his argument is as follows: “Baudha¯yana
assumed [the half-side] as equal to 12 an˙g. (408 til.), and therefore [its half-diagonal] = 16 an˙g., 33 til.
Difference = 4 an˙g. 33 til. = 169 til.” In other words, he takes s/2 to be 408 til., and uses (I.61) in the
form of Eq. (4) to find that a contains 169 til. Applying the circulature rule (I.58) in the form (1), Thibaut
then finds, for the radius of the equivalent circle, 464 13 til. He continues: “In order to avoid the fraction,
both numbers were turned into thirds, and the radius was made = 1393, half the side = 1224. Finally, the
diameter was taken instead of the radius, and the whole side of the square instead of half the side.”
Thibaut goes on to the inversion of this ratio: “. . . it was requisite to express 1224 in terms of 1393.
One-eighth of 1393 = 174 18 ; this multiplied by 7 = 1218 78 . Difference between 1218 78 and 1224 = 5 18 .
Dividing 174 (Baudha¯yana takes 174, instead of 174 18 , neglecting the fraction as either insignificant or,
15 The tila is a 34th part of the an˙gula. See Section 4.2 for a discussion of units of length.
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the eighth part of the sixth part of 6, we get 5 18 .
“In other words: 1224 = 78 + 18·29 − 18·29·6 + 18·29·6·8 of 1393 (due allowance being made for the neglected
1
8 ).”
The first difficulty with this derivation is the conversion of the entire result, rather than its frac-
tional part alone, into (a large number of) tilas: this subdivision of the an˙gula is defined, but never
used in the text. If this conversion were taken as correct, it would imply a type of arithmetic com-
putation which is only found somewhat later in India, and which is always associated with sharper
quadrature rules. The commentary which uses conversion into tilas is later than ¯Aryabhat
.
a (499 A.D.)
and seeks to obtain improved results with the help of the latter’s formula for the ratio of perimeter
to diameter; it is not primarily interested in reconstructing the mathematical knowledge of the remote
past.
A second difficulty is this: if a subdivision in 34 subunits, as in the case of the an˙gula, is to be used in
computation, it would be more convenient to add 18 to 174
1
8 and to notice that 174
1
4 equals 34 × 5 18 . This
is similar to the difficulty pointed out by Drenckhahn: the decomposition (6) is more natural than (5) if
one allows manipulations with fractions.
3.2. The 7/8 and 10/7 rules: Cantor
Cantor [1880–1908, 601–603] also considered that (I.59) was obtained by substituting the value for√
2 from (I.61) into the “numerical factor” (Zahlenfaktor16) κ1 = 3/(2+
√
2), cf. Eq. (7). He goes further
than Thibaut by observing that the form of this expansion suggests that it is a correction to a coarser rule
κ1 ≈ 7/8. Now, this approximation is compatible with the expression for the “numerical factor” only if
one takes
√
2 to be equal to 10/7. This leads Cantor to posit two rules (p. 602):
First: The circulature of the square uses as diameter of the circle 810 of the diagonal of the square. Second:
The quadrature of the circle uses as side of the square 78 of the diameter of the circle.
We will refer to Cantor’s rules hereafter as “the 7/8 (quadrature) rule” and “the 10/7 rule (for √2),”
respectively.
He supports his hypothesis with three arguments (pp. 602–603): first, he states (without reference) that
he has found the first rule in Dürer. He then points out the similarity of these rules with a quadrature rule
in the Ahmes (or Rhind) Mathematical Papyrus17:
We recall that already the old Egyptian handbook of Ahmes contains a similar prescription with different
numbers. . . there, the side of the square. . . is taken to be 8/9 of the diameter. We remember it all the
more since it is tempting to try and reconcile the Indian construction with the Egyptian number through
a different assumption for the approximate value of
√
2. But this agreement may be achieved only using
16 Translations from the German are ours.
17 The rule Cantor has in mind is the one applied in a special case in Problem 50 of the Ahmes (or Rhind) papyrus, dated 1650
B.C.; Ahmes asks for the area of a circular plot of [diameter] 9 khet, and directs to remove one-ninth of the diameter, and to
square the result. (A khet is equal to 100 royal cubits.) The general rule suggested by this computation is s = d − d/9. For
further details and references, see, e.g., [Joseph, 1991, Example 3.13; Peet, 1923].
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2 = 11/8, a very unlikely assumption to us. Our hypothesis, that the side of the square should have
been among the Indians 7/8 of the diameter of the circle, nevertheless finds itself a confirmation in an
arithmetical quadrature of the circle which Baudha¯yana teaches, albeit not contenting himself with the
number 7/8, but adding to it a correction.
This leads to his third point: the wording of rule (I.59) suggests that the result is a correction of 7/8. He
continues:
The correction 18·29 − 18·29·6 + 18·29·6·8 originates from Baudha¯yana obviously not starting from
√
2 = 1 +
1
3 + 13·4 + 13·4·7 to transform the construction into a formula, but from the value
√
2 = 1 + 13 + 13·4 − 13·4·34
discussed above.
After performing this transformation in modern symbols, he concludes: “With the help of
√
2 = 577408 the
numerical factor turns into
1224
1393
= 7
8
+ 1
8 · 29 −
1
8 · 29 · 6 +
1
8 · 29 · 6 · 8 −
41
8 · 29 · 6 · 8 · 1393 ,
the last part of which is neglected, as nearly 1/34 of the fraction preceding it, itself already very small.”
In fact, as was first clearly stated by Drenckhahn, the wording of (I.59) suggests that it was preceded
not by one, but by two coarser rules: one corresponding to the first term (7/8), and the second to the first
two terms ( 78 + 18·29 = 51/58). This observation should be kept in mind, since it is implicitly accepted by
all later writers.
3.3. A verification is not a derivation: Müller and Drenckhahn
Müller [1930] realized that Thibaut’s and Cantor’s accounts are not satisfactory because they use
anachronistic arguments: “he [Thibaut] has also not been able to really derive the rule given in [Eq. (2)].
He is content with a verification, which is merely taken up by Cantor.” After recalling Thibaut’s argument,
he went on: “It goes without saying that Baudha¯yana has not computed in this way, all the more as one
can absolutely not make out for what reason one divides precisely first by 8, then by 29 etc. Thibaut
contradicts himself so to speak, when he postulates here such a computation to be possible for the author
of the Sûtra, but adds elsewhere, about a different numerical computation: ‘The calculation resorted to by
the ´Sulvadîpikâ. . . is of course more than the author of the Sûtras would have been able to do’ (Pandit 10
(1875), p. 46).” In addition, Drenckhahn pointed out the alternative decomposition of 1224/1393, which
has the same degree of accuracy as decomposition (5) and, in addition, includes the factor of 34 found
in (I.61).
Drenckhahn also criticized Cantor’s 10/7 rule:
On the approximate value of
√
2, Cantor himself notes that one has not yet been successful “in being able to
justify or even conjecture it at some other occasion, be it among the Indians or the Greeks,” and about both
rules [the 7/8 and 10/7 rules], that they do not stand in agreement with what has been taught regarding the
quadrature of the circle. In support of his hypothesis he can put forward this and only this, namely that his
second rule receives confirmation through the arithmetical quadrature of the circle by Baudha¯yana—which
is of course more accurate.
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√
2 = 10/7 is not
unavoidable to their discovery.
His observation is that if one assumes that
√
2 equals 7/5, and inverts the circulature rule (I.58) in the
forms
s = 3
1 + √2 ·
√
2
2
d and d ′ = 3
1 + √2d,
where d ′ is the diagonal of the square of side s, one is led to Cantor’s two rules. This last argument is
similar to Müller’s derivation, presented next.
3.4. Müller’s derivation
Müller [1930] first noted that, if one substitutes 17/12 for
√
2 into κ1, one finds 36/41, and not 51/58.
Only 51/58—which is equal to 1−28/(8×29)—tallies with the text. He therefore suggested one should
not start from the quadrature rule in the form
s = 3
2 + √2d,
but in the form
s = 3
2
·
√
2
1 + √2d.
Indeed, these two expressions are equivalent if we use the identity “
√
2 × √2 = 2.” Note that this iden-
tity is in general incorrect for approximate values of
√
2. If one substitutes 17/12 for
√
2 in the latter
expression, one finds
s = 51d/58 = (1 − 1/8(1 − 1/29))d,
which reproduces the denominator of 29 in (I.59). Müller then inserted the more accurate value 17/12 −
1/(12 × 34) for √2, and rearranged the result to recover (I.59). Even though it leads to the denominators
8 and 29, in the same order as in the text, this rearrangement involves several lines of manipulation with
fractions. This computation is not practical if one works with cords without fractions, even if only unit
fractions are allowed. Furthermore, the factoring of the surd in the denominator again implies a type of
algebraic knowledge which is found in India, but not explicitly supported by the text at such an early
period.
Furthermore, if one allows identities involving surds, there is no reason to stop here, and not consider
all the possible formulae of this type, obtained by further replacing
√
2 by 2/
√
2; as we show next, this led
Drenckhahn to systematically tabulate all the sets of values obtained by combining these replacements,
using the approximate values 7/5, 17/12, and 577/408 for
√
2. He found that none of them could produce
these three values: all of them led to some values that could not be justified from the text.
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As already mentioned, the wording of (I.59) led Drenckhahn [1936, 8] to say: “one must pay attention
to the fact that the coefficient [of the diameter in (I.59)] consists not of four, but of three terms:
7
8
+ 1
8 · 29 −
1
8 · 29
(
1
6
− 1
6 · 8
)
.
This three-term form closely suggests that the goal was reached in three steps, through the use of better
and better approximate values for
√
2.” In other words, the result may have been obtained by applying
the same technique, starting with three different approximations of
√
2, rather than two in Müller’s paper.
This should give the three values of κ implied by (I.59), namely first
7
8
,
then
7
8
+ 1
8 · 29 =
51
58
,
and finally the full expression equivalent to (I.59). He tried to find a quadrature formula
s = f (d)
that yields these three values of κ upon substitution of three different approximations for
√
2.
Now comes a difficulty: “for the judgment of the formulae which stand under investigation and their
interrelation to the old Indian value of
√
2 one must observe that some of the formal connections, such
as (
√
2)2 = 2, √2 = 2√
2
and so forth, are not allowed for approximate values (√2 = 75 : 2√2 = 107 !).
Thence, the way to the formula is not indifferent. Essentially, two possibilities present themselves:
Either the formula s = f (d) is derived via a détour through d = ϕ(d ′) from the fundamental equation
of circulature (First case), or it is computed directly as s = f (d) from the latter (Second case).”
Drenckhahn goes on to make a systematic list of all the possible forms of the expressions f (d) and
ϕ(d ′) in both cases taking various possible values for
√
2. However, no single one of these computations
reproduces all three successive approximate values implied by the text.
His conclusion is that “from the availability of a rule for quadrature of the circle which yields a less
accurate result one is allowed to conclude that by the introduction of the new one, one applied oneself
with particular attention and therefore immediately undertook a verification of every step. I am of the
opinion that the rules in B.S. were found in this way.”
To sum up, in order to get s = 7d/8—the first term in the desired expression—we need to take √2 =
10/7 in (I.58); to get s = 7d/8 + d8·29 , we need to take
√
2 = 24/17; and Drenckhahn could not justify
the use of these values from the text.
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General methods for the evaluation of square roots are found later in India, and we must investigate
whether they could already have been available at the time of Bau. ´Sl.S.
The iterated Heron-type formula18 stated in the Bakhsha¯lı¯ manuscript [Hayashi, 1995] is not stated as
a general rule in Bau. ´Sl.S., but it does yield (I.61) if we apply it to the crude approximation √2 ≈ 1 13 .
However, the formula has much wider applicability, and if it had been known, it would have been used
to approximate
√
3, defined geometrically in Bau. ´Sl.S. (I.46) (S.B. (1.10)). But no approximation as
accurate as (I.61) is given for √3 in Bau. ´Sl.S. Rule (I.61) may therefore, at best, be a remote ancestor of
this formula.
In medieval Indian mathematics, another possible route to approximate
√
N would have been to use
an iterative procedure which generates an infinite sequence of solutions of x2 − Ny2 = ±1, giving a
sequence of approximations x/y to
√
N . Such an iterative process cannot be assumed to have been used
in Bau. ´Sl.S. either. Indeed, consider the case N = 2; the first few solutions of x2 − 2y2 = ±1 are (1,1),
(3,2), (7,5), (17,12), (41,29), (99,70), (239,169), (577,408). They may be generated by the much-
discussed rule of “side and diagonal numbers,”19 which is a special case of the general principle20 that we
subsume today under the multiplicative property of the norm of an element of Z[√N], and that was the
basis of the complete solution of x2 −Ny2 = c.21 But we find no trace in Bau. ´Sl.S. of the approximations
41/29, 99/70, and 239/169. Besides, just like the Bakhsha¯lı¯ formula, this more general method enables
one to approximate the square root of any nonsquare, whereas there is a clear emphasis in the ´Sulvas
on
√
2. It follows from this discussion that we need methods that yield the approximations implied by
the text, but no others.
3.7. Contributions mentioned by Kulkarni
The next two derivations are taken from [Kulkarni, 1983, 114–116]; the original papers [Gurjar, 1942,
1947; Shah, 1966] are not available to us. They are variations of Thibaut’s argument, insofar as they start
with the fraction 1224/1393. They are unsatisfactory because they assume dexterity with fractions.
Gurjar’s argument differs from others by the use of 1/(1+x) ≈ (1−x). The first step is to decompose
1224 as 7 × 174 + 6 and 1393 as 8 × 174 + 1; noting that 174 is 6 × 29 it follows that
1224/1393 =
(
7
8
+ 1
8 · 29
)/(
1 + 1
6 · 8 · 29
)
≈
(
1 − 1
8
+ 1
8 · 29
)(
1 − 1
6 · 8 · 29
)
≈ 1 − 1
8
+ 1
8 · 29 −
1
6 · 8 · 29 +
1
8 · 6 · 8 · 29 =
7
8
+ 1
8 · 29
(
1 − 1
6
(
1 − 1
8
))
.
18 This rule states, in modern notation, that
√
a2 + r ≈ a + r/2a − 12 (r/2a)2/(a + r/2a). If a2 + r = 2 and a = 1 13 , we find
r = 2/9, r/2a = 1/12, leading to an expression equivalent to (I.61). If one allows the use of negative numbers, one can also
take a = 1 12 and r = −1/4.
19 Proclus, commentary II, Chs. 23, 27; see Heath’s edition of Euclid, vol. 1, pp. 91–93. The rule states that given any solution
(x, y), a new solution is given by (x + 2y, x + y).
20 Brahmagupta, in Bra¯hma-sphut
.
a-siddha¯nta xviii, 64–65; see, e.g., [Srinivasiengar, 1967, 110].
21 This equation is the famous varga-prakr
.
ti, later known as the “Pell–Fermat equation” due to a well-known misunderstanding.
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estimates the difference:
1224
1393
= 1 − 169
1393
= 1 − 169
1392
+ 169
1382 · 1393
≈ 1 − 169
1392
+ 1
8 · 1392 = 1 −
174 − 6 + 1
8 · 174 +
1
8 · 29 · 6 · 8
= 1 − 1
8
+ 1
8 · 29 −
1
8 · 29 · 6 +
1
8 · 29 · 6 · 8 ,
equivalent to the desired expression. A difficulty with this argument may be mentioned: it would have
been just as simple to replace 1393 by 1394; indeed, since 1224/1394 = 36/41 = 1 − 1/8 + 1/(8 · 41),
we are led to
1224/1393 ≈ 1 − 1
8
+ 1
8 · 41 +
1
41 · 34 −
1
8 · 41 · 34 ,
which is also similar in form to (I.59). Therefore, this method is not capable of explaining why division
by 29 was used.
4. Definitions and procedures attested in the ´Sulvas
We present the elements from the texts of the ´Sulvas which will be used in Section 5 in the proposed
derivation of Bau. ´Sl.S. (I.58–62). Whenever possible, information from Bau. ´Sl.S. is confirmed by parallel
quotations from the other ´Sulvas. For quotations from ¯Ap. ´Sl.S., Ka¯. ´Sl.S.and Ma¯. ´Sl.S., the numbering and
translations of [Sen and Bag, 1983] are used.
The position of (I.58–62) inside Bau. ´Sl.S., and their parallels in the other ´Sulvas, are described in
Section 4.1. The units of length and area are studied in Section 4.2. Typical examples of manipulations
with cords are given in Section 4.3. Examples of the use of specific terminology, which we attempt to
follow in the proposed derivation, is given in Section 4.4. The different ´Sulvas give different gross values
for
√
2, reviewed in Section 4.5. An example from Bau. ´Sl.S. where the circulature rule is required is
presented in Section 4.6.
4.1. Bau. ´Sl.S. (I.58–62): context and concordance
The purpose of Bau. ´Sl.S. is to present the construction of the brick structures called agnicaya (I.1),
special attention being paid to their area (I.2). Lengths are measured by a marked cord or a bamboo rod,
and areas by square bricks and their subdivisions by diagonals etc. Bau. ´Sl.S. begins with a general math-
ematical section (I.1–62).22 The ritual constructions are systematically presented from (I.63) onward,
beginning with the ga¯rhapatya, or “householder’s” fire.
As far as (I.58–62) are concerned, the concordance between the ´Sulvas is as follows:
22 Correspondence with S.B.: Bau. ´Sl.S. (I.1–2), (I.3–21), (I.22–28), (I.29–35), (I.36–40), (I.41), (I.42–44), (I.45–49), (I.50–60),
(I.61–62) correspond to S.B. (1.1–2), (1.3), (1.4), (1.5), (1.6), (1.7), (1.8), (1.9–1.13), (2.1–11), (2.12), respectively.
S. Kichenassamy / Historia Mathematica 33 (2006) 149–183 1651. (I.58) corresponds to ¯Ap. ´Sl.S. (3.2), Ka¯. ´Sl.S. (3.11), and Ma¯. ´Sl.S. (1.8a) and (11.10);
2. (I.59) has no equivalent in the other ´Sulvas;
3. (I.60) corresponds to ¯Ap. ´Sl.S. (3.3) and Ka¯. ´Sl.S. (3.12); according to [Kulkarni, 1983, 107], an equiv-
alent result occurs in Ma¯. ´Sl.S.;
4. (I.61–62) correspond to ¯Ap. ´Sl.S. (1.6) and Ka¯. ´Sl.S. (2.9); Ma¯. ´Sl.S. (12.1) only gives the coarser value
1 12 − 12 · 16 for
√
2.
The slight differences in wording in corresponding texts are not considered further, since we are primarily
interested in Bau. ´Sl.S. More generally, the ´Sulvas have much material in common (see [Michaels, 1978]),
reflecting different schools that occasionally criticize each other, as in Bau. ´Sl.S. (II.14–21) (S.B. (5.8–
13)).
4.2. Absolute and scalable units of length and area
Units may be absolute or scalable, and any unit of length defines an associated unit of area. The text
first defines the basic units of measurement in Bau. ´Sl.S. (I.3–21):
atha¯n˙gulaprama¯n
.
am
.
The following is the measure of an an˙gula. (I.3)
caturdas´a¯n
.
avah
.
Fourteen grains of the an
.
u23 plant (panicum miliaceum [common millet]) (I.4)
catustrim
.
s´attila¯h
.
pr
.
thusam
.
s´lis
.
t
.
a¯ ityaparam
Or according to another opinion thirty-four sesame [tila, or sesamum indicum] grains put together with
their broad sides. (I.5)
The divisions into 14 and 34 parts will be related in Sections 5.3 and 5.7, respectively, to the aproximation
of
√
2; accordingly, they are not further discussed here. Next, derived measures of 10, 12, 13, 15, 28,
104, 86, 32, 36, 30, and 24 an˙gulas, respectively, are defined (I.6–16). A discussion of the names and
frequencies of occurrence of these measures is omitted, since it will not be required in the sequel. After
this list of multiples of the an˙gula, (I.17–21) single out measures to which special rules apply:
atha¯pyuda¯haranti
In this matter the following is told. (I.17)
pade yuge prakrame ’ratna¯viyati s´amya¯ya¯m
.
ca ma¯na¯rthes
.
u ya¯tha¯ka¯mı¯ti
There is liberty regarding the length of pada, yuga, prakrama, aratni, and s´amya¯, if these words denote
measures.24 (I.18)
pañca¯ratnih
.
purus
.
o
Five aratnis are one purus
.
a (= 120 an˙gulas). (I.19)
23 There seems to be general agreement that this an
.
u is not the same as the atom of the Vais´es
.
ikas or other systems. The use of
various seed names for units is common. One is reminded of the relation of the barleycorn to the inch in English.
24 These measures have nonmathematical meanings as well, such as step (prakrama) or cubit (aratni), compare with the French
“coudée.”
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A vya¯ma has the same length. (I.20)
caturaratnirvya¯ya¯mah
.
A vya¯ya¯ma has the length of four aratnis. (I.21)
Although initially defined as units of length, there is a correspondence with units of area which is
systematically used. Thus, the first structure in Section II of Bau. ´Sl.S. “has an area of seven and a half
(square) purus
.
as” (II.1),25 but the text, quoted below, contains no explicit mention that we are dealing
with square units. The same convention is followed in other places, and in fact, ¯Ap. ´Sl.S. (3.4–5) state that
prama¯n
.
ena prama¯n
.
am
.
vidhı¯yate
The (square) measure is to be done by means of the (linear) measure. (3.4)
caturas´ram a¯des´a¯danyat
A square (of unit area) is to be understood in the absence of anything to the contrary. (3.5)
See also Ka¯. ´Sl.S. (3.5) sqq.
Rule (I.17–18) express that some measures, including the purus
.
a, are not absolute, and may be rede-
fined as need be. There are two reasons for the variability of the measure, apart from possible cases of
actual polysemy.26
First, ritual requires the construction of increasingly larger structures that differ only in area, but not
in shape.
ardha¯s
.
t
.
ama¯h
.
purus
.
a¯h
.
prathamo ’gnih
.
The agni (i.e., the large fire-altar built of bricks that was required at certain periods of the great Soma-
sacrifices27) has an area of seven and a half square-purus
.
as, when it is constructed for the first time (II.1)
ardhanavama¯ dvitı¯yah
.
Eight purus
.
as and a half form the second agni (II.2)
and so forth.
Rule (II.12) explains that increase is achieved by redefining the purus
.
a:28
yadanyatprakr
.
testatpañcadas´a bha¯ga¯nkr
.
tva¯ vidha¯ya¯m
.
vidha¯ya¯m
.
dvau dvau bha¯ga¯n samasyet |
ta¯bhirardha¯s
.
t
.
ama¯bhiragnim
.
cinuya¯t
The excess (to be added) to the original form should be divided into 15 parts and two parts be added to
each fold (of one sq. purus
.
a) [A rule to perform this addition is given in (I.50)]. The fire-altar is to be laid
with such increased 7 12 folds. (II.12) (S.B. (5.6))
25 (II.1–5) (S.B. (5.1)).
26 For examples of the latter, see the two definitions of the prakrama in Bau. ´Sl.S. (I.106–108) (S.B. (4.12–13)), and a sim-
ilar issue in ¯Ap. ´Sl.S. (6.2) and (6.10); such variability is perhaps comparable to the existence of different kinds of mile in
contemporary English.
27 See [A. Weber] Indische Studien XIII [Thibaut’s note].
28 We give a literal translation based on Sen and Bag [1983], since Thibaut’s rendering is too far from the text.
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benefit the ritual is being performed (the yajama¯na). Thus, Ma¯. ´Sl.S. 5.2 reads: “A bamboo rod equal to the
length of the sacrificer with uplifted arms (120 an˙gulas) is measured out”; similarly, Ma¯. ´Sl.S. 4.5: “A man
(purus
.
a) measures 120 an˙gulas according to his own limbs, but standing on his toes, he measures 125
an˙gulas.”29
4.3. Examples of prepared cords
All constructions are oriented with respect to the East–West line, which is repeatedly used but never
constructed in Bau. ´Sl.S.30 The reader should imagine the constructions to be performed facing East.
Constructions are performed with a cord (rajju) used for drawing lines and circles, and require the ability
to divide a cord into any number of equal parts. The equivalent term s´ulva or s´ulba that gave its name to
the text does not occur in Bau. ´Sl.S. at all, but only in the first line of Ka¯. ´Sl.S.31
Linear measurement is performed using marked cords; some standardized cords are described in the
texts.32 They are described by the lengths of their parts, expressed as multiples or submultiples of the
unit. For instance (see Fig. 1):
• Bau. ´Sl.S. (I.29–35) define a cord ACTDB , where AC and CB are both equal to the measure, CD is
half the measure, and CT one-fourth of the measure.
• Bau. ´Sl.S. (I.69) introduces a cord APCQ where AC consists of five parts, CQ of one part, while
AP contains two-fifths of the whole cord AQ.
• ¯Ap. ´Sl.S. (2.1) considers a cord ACRS, where AC and RS both are equal to the measure, and AR is
equal to AC
√
2.
Here is an example of how the cord might be prepared (it will be used for constructing a square, but
this is not relevant for us here):
atha¯param
.
|
prama¯n
.
a¯dadhyardha¯m
.
rajjumubhayatah
.
pa¯s´a¯m
.
kr
.
tva¯parasmim
.
str
.
tı¯ye s
.
ad
.
bha¯gone laks
.
an
.
am
.
karoti
(. . . ) Having taken a cord the length of which is equal to one and a half of the length intended for the side
of the square, and having made ties at both ends, one makes a mark on its western third, less the sixth part
of the third. (I.42)
29 Incidentally, this shows that the an˙gula was usually about 2 cm, which tallies with Fleet (1912) who gives 34 in, and the
Lothal scale, of which 10 small graduations make 17.03 mm according to V.B. Mainkar, in Frontiers of the Indus Civilization,
pp. 147–148. The references in this note are from Debiprasad Chattopadhyaya’s introduction to his re-edition of Thibaut’s paper
[Thibaut, 1875, xix, footnote]. See also [Kenoyer, 1998].
30 Such a construction, based on the position of suitable stars, or the shadow of the sun, is, however, mentioned in Ma¯. ´Sl.S.
(1.3) and in Ka¯. ´Sl.S. (1.2).
31 s´ulbavid occurs in Ma¯. ´Sl.S. (10.1), s´ulbakr
.
ta¯m
.
in Ma¯. ´Sl.S. (15.19). The cord is also called spandya¯ in Bau. ´Sl.S. (I.56), (III.15,
72, 81, 157) (S.B. (2.7), (8.9), (10.4), (10.7), (13.4)) [Michaels, 1978, 168].
32 Here is a sample: Bau. ´Sl.S. (I.29–35), (I.42–44), (I.68), (I.69) (S.B. (1.5), (1.8), (3.3), (3.4)); ¯Ap. ´Sl.S. (1.2), (1.3), (1.7), (2.1),
(4.4), (5.2); Ma¯. ´Sl.S. (2.4), (2.5), (11.20), (11.21); Ka¯. ´Sl.S. (1.4), (1.5), (1.10).
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Circles are drawn with such a cord, fastening it at the center, and stretching it either by another tie, or
by a mark. A circle may be characterized by its diameter, as in Bau. ´Sl.S. (I.183) (S.B. (16.3)), or by its
radius, as in (I.59). A division of circles into 64 equal parts is also required later on (e.g., “After having
divided the felloe at its inner edge into sixty-four parts, draw the dividing lines” (III.209) (S.B. (16.16))).
¯Ap. ´Sl.S. (8.2), (9.1) and other passages prescribe the use of a bamboo rod for longer lengths; it is used
both as ruler and to draw circles. See [Seidenberg, 1959, 1960/1962]. These constructions have been
repeated in modern times [Staal et al., 1983/2001].
4.4. Some technical terms used consistently in Bau. ´Sl.S.
After the discussion of units of measurement, Bau. ´Sl.S. continues with constructions of squares and
oblongs (I.22–44), “Pythagoras’ theorem” (I.45–49), and a number of general rules for the transformation
of figures of different types (I.50–62) (rectangle, a type of isosceles triangle, rhombus, trapezium, circle),
concluding with the rules (I.58–62) that are the object of this paper.
As was noted by Chasles [1837] about later Indian geometric works, the text systematically uses
specific names for the various parts of the shapes to be constructed so as to make the general rules
unambiguous without drawing a figure; this statement also applies to Bau. ´Sl.S., as the reader may see on
the excerpts given in this paper.
As already noted, all constructions are oriented with respect to the East–West line (the pra¯cı¯ ); there
are different words for the sides of rectangles according to whether they lie transverse to, or along the
direction of the pra¯cı¯ (tiryan˙ma¯nı¯, pa¯rs´vama¯nı¯ ); there are two different words for the largest dimen-
sion of a square and of a circle (aks
.
n
.
aya¯, diagonal, and vis
.
kambha, diameter). The figures themselves
have of course special names such as caturas´ra (square) and dı¯rgha-caturas´ra (oblong, literally, “long
tetragon”).33
Here is an example:
33 This brings to mind the definition of a rectangle in Euclid (I, def. 22) as a quadrilateral with different sides (heteromèkes)
rather than an elongated square. The Sanskrit is even closer to the Latin tetragonus parte altera longior (Boethius, Cassiodorus),
and the French tetragone long—in use as late as the XIIIth century—(Campanus, Vincent de Beauvais); the term rectangle
seems to have been first used by Mersenne, De la vérité des sciences, p. 815 [Chasles, 1837, 422, 423]. See [Sarasvati Amma,
1999] for a brief discussion of names for geometric figures, the appendix in [Datta, 1932] and the discussions of technical terms
given in [Kulkarni, 1978; Michaels, 1978; Sarasvati Amma, 1999; Sen and Bag, 1983].
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.
n
.
aya¯rajjuh
.
pa¯rs´vama¯nı¯ tiryan˙ma¯nı¯ ca yatpr
.
thagbhu¯te kurutastadubhayam
.
karoti
The diagonal of an oblong produces by itself both the areas which the two sides of the oblong produce
separately. (I.48)
Several special cases are explicitly mentioned as well (I.45–47, 49), including the case of the diagonal of
the square (I.45).34
A basic element of terminology is the expression “karan
.
ı¯ of A” to mean: the side of a square of area A,
literally, the “maker of A.” In particular, when we write
√
2, it will mean “two-maker” (dvi-karan
.
ı¯ ).35 The
expression “four-maker” to refer to two is found in ¯Ap. ´Sl.S. (2.6) and Ka¯. ´Sl.S. (3.6). The “three-maker”
is also attested. This list is not exhaustive.
The length of the diagonal of a square of unit measure is given a special name: savis´es
.
a. Literally,
savis´es
.
a means (the measure) “with vis´es
.
a,” or “with the specified” (additional part). If a square has
side s, and diagonal d ′, the vis´es
.
a of s is equal to d ′ − s. It is the part that “stands over,” in Thibaut’s
words, which translate yadatis´is
.
yate in (I.58). We translate vis´es
.
a by “mantissa,” which, according to the
New Shorter Oxford English Dictionary, denotes (1) “an addition of comparatively small importance,
especially to a text or discourse,” (2a) “the part of a logarithm after the decimal point,” or (2b) “the
number or quantity to which an exponent is appended.” Thus, if s is equal to the unit of measurement,
and we take
√
2 to be 7/5, the mantissa of the unit equals 2/5 of the unit. If s is 1/2, we have d ′ equal
to 1/2 + 1/5, and we find that the mantissa of half the unit is one-fifth of the unit. Thus, the mantissa is
always relative to a given length, which defines the side of a square. The mantissa is not a number.
Even though it would have its place right after (I.49), Baudha¯yana does not insert here the savis´es
.
a ap-
proximation of
√
2, but rather states it at the very end of the general section, right before the description
of the various ritual constructions from (I.63) on. Rule (I.61–62) therefore have a stronger logical con-
nection with (I.58–59); and indeed, our derivation will recover (I.61–62) as a by-product of the derivation
of (I.59).
4.5. Several gross values for √2 and associated cords
Since the circulature rule (I.58) involves the half-diagonal of a square, we must, in order to understand
quadrature rule (I.59), examine the values of √2 we may gather from the text. The half-diagonal is also
required in the construction of a structure of given area, in the shape of a half-circle; see, e.g., Ma¯. ´Sl.S.
1.8.
Baudha¯yana knew how to construct the square root of 2; still he insists on giving a fractional expression
(I.61–62), suitable for representation with cords. In addition, the various ´Sulvas give several different
values for
√
2. A detailed examination of these may therefore give us some insight into the procedures
34 It is interesting that the author of an Indian su¯tra—a literature that is notorious for leaving out anything that can be inferred
by the reader with the teacher’s help—found it necessary to include, in (I.45), precisely the statement that Socrates singles out
for his demonstration of “reminiscence” in Meno 80e–86c.
35 The word karan
.
ı¯ is related to the root kr
.
- (to do); the same holds for the words for cause and effect (ka¯ran
.
am
.
and ka¯ryam
.
);
this may be contrasted with the technical uses of dunamis and dunamenè [Souilhé, 1919]. Thibaut already notes that karan
.
ı¯ is
widely used in medieval Indian mathematics in the sense of ‘surd’; see, e.g., Bı¯jagan
.
ita [Abhyankar, 1980, 13–17; Colebrooke,
1817, 145–155]; this text also uses kr
.
ti as one of the names for the square of a number.
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leading to (I.61–62). Accordingly, we review the information found in the various ´Sulvas about values of√
2, and their formulation in terms of cords.
4.5.1. The gross value
√
2 ≈ 1 12 − 12 · 16
This expression is equal to 17/12. It is given in Ma¯. ´Sl.S. (12.1):
prama¯n
.
a¯rdham
.
tu s
.
as
.
t
.
yu¯nam
.
vis´es
.
a iti san˙jñitam |
vis´es
.
as´ca prama¯n
.
as´ca prama¯n
.
asya¯ks
.
n
.
aya¯ bhavet ||
The half-measure lessened by its sixth is known as the vis´es
.
a. The vis´es
.
a and the measure (prama¯n
.
a)
produce the diagonal of the measure.
It may be reasonable to assume that some analog of the equalities
1
1
2
− 1
2
· 1
6
= 11
3
+ 1
3
· 1
4
= 17/12
was known. Indeed, Ma¯. ´Sl.S. (12.1) corresponds to the first expression, and the beginning of (I.61) cor-
responds to the second expression. Here is a possible analog of these fractional expressions in terms of
cord subdivision.
Start with a cord AB of length twice the unit of measurement (the “measure”). Divide it into equal
parts AC and CB: AC = CB; see Fig. 2. Divide CB into equal parts CD and DB . Thus, cord CD is
equal to the half-measure. Divide CD into six equal parts; CE, EF , FG, GH , HI , ID, by marking
E, F , G, H , I on the cord. In particular, CI is CD − ID, which consists of five of these parts, and is
equal to “the half-measure lessened by its sixth.” The mantissa of AC is therefore equal to CI , and its
“two-maker” is AI = AC +CI , which comes to 12 + 5 parts of 1/12. The two-maker is therefore equal
to 17 parts, each of which is 1/12 of the measure AC.
But we may also view the portion CI of the cord as the sum of CH and HI . CH contains 4 parts,
12 of which make the measure. Therefore, CH is 1/3, and HI is 1/4 of CH . The two-maker is therefore
equal to the sum of the measure, its third, and the fourth of this third, as desired.
4.5.2. The gross value 1 12 − 12 · 17 for
√
2
This expression is equal to 10/7. It is given in Ma¯. ´Sl.S. (11.14), but expressed only in geometric form.
The relevant passages are (we follow [van Gelder, 1963]):
purus
.
ah
.
purus
.
am
.
kurya¯ttasya¯ks
.
n
.
aya¯ dvipurus
.
am
.
bhaveccaturastasya¯pyaks
.
n
.
aya¯ dva¯bhya¯m
.
va¯ sya¯ccatuh
.
-
purus
.
am |
One purus
.
a (measure) produces (a square of) one purus
.
a; its diagonal produces (a square of) two purus
.
as;
the diagonal of this (second square) produces (a square of) four purus
.
as or two purus
.
as produce a square
of four purus
.
as. (11.11)
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das´adha¯ chidya vis
.
kambham
.
tribha¯ga¯nuddharettatah
.
|
tena yaccaturas´ram
.
sya¯nman
.
d
.
ale tadapaprathih
.
||
Divide the diameter of a circle into ten parts and leave out three parts. The square drawn with this (as side)
and placed within the circle projects outside. (11.14)
Now, the second statement is false: indeed, the diagonal of a square of side 7 has length 7√2, which is
less than 10, because
(7
√
2 )2 = 49 × 2 = 98 < 102 = 100;
the indicated square is therefore entirely contained in the circle and does not project outside. One’s first
temptation would be to suspect the text to be faulty, and its correct meaning to be actually the opposite:
the text would mean that
√
2 < 10/7 may be verified geometrically. On the other hand, it is conceivable
that a measurement with a cord which may stretch under tension may give the incorrect impression that
the diagonal of this square is greater than the diameter of the circle. For a diameter of 1 m, the error is
about 1 cm; one percent stretching would make the text correct as it stands. In their edition, Sen and Bag
give the above translation without comment; may we therefore assume that this incorrect result gives us a
glance into a very archaic state of matters? At any rate, the gross value
√
2 ≈ 10/7 appears to be attested
explicitly.
Let us see how this gross value would be represented on a cord. As before, take a cord AB of length
twice the measure, and divide it in two: AC + CB (see Fig. 3). Divide CB into seven parts, CD′, D′E′,
E′F ′, F ′G′, G′H ′, H ′I ′, I ′B , and leave out four of these parts. The result, which is AF ′, is, with this
rule, the two-maker of AC. Introduce again the mark D that divides CB into two equal parts. Since
AF ′ = AC + CD − F ′D, we find that the two-maker may be obtained from AC by adding 1/2, and
subtracting 1/14 of the measure. This may explain the introduction of the “an
.
u” in (I.4) above, as the
14th part of the an˙gula.
4.5.3. The estimate “
√
2 lies between 1 13 and 1
1
2 ”
Another set of results seems to be suggested by ¯Ap. ´Sl.S. (3.4–7):
prama¯n
.
ena prama¯n
.
am
.
vidhı¯yate
The (square) measure is to be done by means of the (linear) measure. (3.4)
adhyardhapurus
.
a¯ rajjurdvau sapa¯dau karoti |
ardhatr
.
tı¯yapurus
.
a¯ s
.
at
.
sapa¯da¯n
A cord 1 12 purus. a long makes 2
1
4 ; a cord of 2
1
2 makes 6
1
4 . (3.8)
atha¯tyanta prades´ah
.
| ya¯vata¯ ya¯vata¯ ’dhikena parilikhati tatpa¯rs´vayorupadadha¯ti | yacca tena caturas´ram
.
kr
.
yate tatkot
.
ya¯m
Now follows the method (of finding the area of a square) when the side is increased. With the side (of the
172 S. Kichenassamy / Historia Mathematica 33 (2006) 149–183given square) and the length by which the side is increased is drawn (a rectangular area) which is placed
on either side (of the square). A square is formed with the length by which the side is increased and placed
in the corner (to produce the enlarged square whose area is the sum of the given square, the two rectangles
and the corner square piece). (3.9)
ardhaprama¯n
.
ena pa¯daprama¯n
.
am
.
vidhı¯yate | ardhasya dviprama¯n
.
a¯ya¯h
.
pa¯dapu¯ran
.
atva¯t | tr
.
tı¯yena navamı¯
kala¯
With half the side of the square, a square one-fourth in area is produced, because with half of two measures,
one fourth (of the area of a square of side two) is filled. With one-third the side of a square is produced its
ninth part. (3.10)
Method (3.9), for finding the area of a square when the side is increased, also follows from the construc-
tion in (I.54).
With the knowledge of the area of the square of side 13 ,
36 we may compute the area of a square of side
1 13 to be 1 + 2/3 + 1/9, which falls short of 2 by two-ninths. Therefore,
√
2 is larger than 1 13 . On the
other hand, since the square of side 1 12 is larger than 2, we conclude that
√
2 is smaller than 1 12 .
4.5.4. The gross value
√
2 ≈ 17/12 − 1/(12 · 34)
This value, Baudha¯yana’s savis´es
.
a, is given in (I.61) already quoted. Its derivation in terms of cords
will arise as a by-product of the derivation of (I.59) in Section 5 and is therefore not further discussed.
4.6. Some specific squares turned into circles in Bau. ´Sl.S.
The construction of sa¯ra-ratha-cakra-cit (i.e., stack (of bricks in the shape of a) chariot wheel with
spokes)37 requires turning three concentric squares into circles, corresponding to the nave and the inner
and outer parts of the felly.
The wheel is constructed from a square of 225 + 64 = 289 square units (III.189–190), of which 16
form the nave (III.195), and 289−16−64−64 = 145 form the felly (III.196–197). The part of the wheel
circumscribed by the felly (nave + spokes + gaps between spokes) therefore has an area of 289 − 145 =
144 square units. The squares to be turned into circles therefore have areas 16, 144, 289, which are the
squares of 4, 12, 17.
Thus, Baudha¯yana has actually constructed squares of sides 4, 12, and 17 and converted them into
circles.
5. Possible derivations consistent with the text
5.1. Formulation of the problem in terms of cords
Let us consider a cord AB , representing the side of the square on Fig. 4, which is to be turned into a
circle. Following the wording of (I.58), perform the following operations:
36 This is also implied by Bau. ´Sl.S. (I.47) (tr
.
tı¯yakaran
.
yetena vya¯khya¯ta¯ | navamastu bhu¯merbha¯go bhavatı¯ti).
37 Bau. ´Sl.S. (III.187–214). Bau. ´Sl.S. (III.188–189), (III.190–194), (III.195–197), (III.198–201) correspond to S.B. (16.7–16.8),
(16.9), (16.10), and (16.11), respectively.
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1. Set A at the center of the square and put a mark X between A and B so that AX is the half-diagonal.
2. Turn this cord to align it with the pra¯cı¯ or East–West line.
3. Put a mark C where the cord crosses the side of the square: AC is the half side, and CX is now the
part “which stands out” of the square. CX is the mantissa of AC.
4. Put a mark R so that CR equals 13CX.
AR gives the desired radius.
The texts formulate the circulature rule as a relation between half-side of the square and radius of
the equivalent circle, and the quadrature rule as a relation between diameter and side. We follow this
formulation throughout.
We now present three methods for determining mark X or R on cords, which may have been elaborated
over a long period of time. They are ordered according to the complexity of the method. The first method
(Section 5.2) relies on the choice of the number of parts into which the side AB must be divided. This
yields rule (I.60), which is the simpler of the two quadrature rules in Bau. ´Sl.S. An improvement of the
first method (Section 5.3) yields (I.4), Ma¯. ´Sl.S. (11.14), and the rule suspected by Cantor. The second
method (Section 5.4), which relies on the choice of the number of parts into which AX is divided,
requires in addition the comparison of two candidates for the mantissa. It leads to the first line of (I.59).
The third method (Section 5.5) puts X at the midpoint of these two candidates, and determines the unit
accordingly. It yields Ma¯. ´Sl.S. (12.1). A confrontation of the results of the second and third methods
yields the complete rule (I.59) (Section 5.6). (I.61–62) follows by drawing the consequences of (I.59) for
the determination of AX (Section 5.7). We recover in this manner the following rules, in this order:
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2. definition (I.4),
3. Ma¯. ´Sl.S. (11.14),
4. the seven-eighths rule suspected by Cantor,
5. Ma¯. ´Sl.S. (12.1),
6. Bau. ´Sl.S. (I.59), and
7. Bau. ´Sl.S. (I.61–62).
This is the simplest candidate for the actual order of discovery and has the advantage that the order
implied by the text is respected.
In this derivation, (I.61) is obtained as a by-product of the search for a better quadrature rule. This
is satisfactory, since we saw that a direct substitution of (I.61) into (I.58) does not yield (I.59). All this
suggests that Bau. ´Sl.S. represents a school which has kept a close record of the elaboration of the subject.
Each of these rules has presumably been held as unsatisfactory at some point; otherwise the texts
would not report different rules for the same results. The simplest reason for the dissatisfaction with
cruder rules would be the need for constructing bigger and bigger structures. Acceptable errors in the
smaller structures become visible in the larger ones.
5.2. First method for correcting the value 1 12 for
√
2
Start with a cord AB of length two measures, with a mark C at its middle, as in many of the examples
we found in the texts. We seek a mark X so that AX would be the two-maker of AC. The conclusions of
Section 4.5.3, expressed in terms of cords, yield the following statements:
(a) if AX consists of 3 parts of which 2 make AC, then AX is too long;
(b) if AX consists of 4 parts of which 3 make AC, then AX is too short.
To compare these two pieces of information, we have two direct methods, depending on which of the
elements of the problem provides the basic unit of measurement. Two natural choices are
1. Take CR (the third part of CX), or a submultiple thereof, as unit. This is convenient if the radius of
the circle is the main focus of interest. Note that in this case, circulature proceeds by simply adding
one unit to the half-side.
2. Take AX, or a submultiple thereof, as unit. This is convenient if the (half-)diagonal is the main focus
of interest.
These two choices respectively lead to the first two methods for correcting the value of
√
2. Each of them
may have been followed in different schools, or in the same school at different times.
Let us examine the first method. It amounts to taking CR equal to one unit, and CX equal to three
units, so that the mantissa of the whole side AB (i.e., the excess of the diagonal AX over the side AB)
consists of six of these units. In other words, it is the mantissa that is related to the unit in a simple
manner, not the side. This method is convenient, because if the diagonal exceeds the side by six units,
the half-diagonal exceeds the half-side by three units, and adding one unit gives us the radius of the
equivalent circle.
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√
2 to
be 1 12 ; it is then natural to divide the side AB into 12 parts: AC then contains six parts, and since the
mantissa CX of AC is taken to be one-half of AC, CX consists indeed of 3 parts. Since we know this
to be too large, we should decrease the unit of length. This makes each part shorter. Let us therefore take
the side to consist of 13 parts, rather than 12, and take again CX equal to three parts, CR equal to one
part. The radius AR of the equivalent circle exceeds the half-side by one part; the diameter of this circle
therefore exceeds the whole side by two parts: the diameter therefore contains 13 + 2, or 15 parts. This
is readily inverted:
To square a circle, divide the diameter into 15 parts, and remove 2 parts to get the side of the equivalent
square.
This recovers rule (I.60). This method is particularly convenient for a circle of diameter “of the measure
of the sacrificer”: if the diameter is one purus
.
a, or 120 an˙gulas, the rule gives for the side of the equivalent
square a side of 104 an˙gulas, which is equal to one aks
.
a.38
One could also have taken
√
2 to be 1 13 . Indeed, adopting this gross value for
√
2 means that if the
measure is divided into three parts, the mantissa should consist of one of these parts. Dividing into three
further parts, we find that if the half-side is divided into nine parts, we get, as before, a mantissa consisting
of three parts. Since we know this to be too small, we should increase the unit of length, to make each
part longer. Let us therefore take the side to consist of eight parts, rather than nine, and still take CX
equal to three parts, CR equal to one part. The radius AR of the equivalent circle exceeds the half-side
by one part, and therefore contains nine parts. This is readily inverted:
To square a circle, divide the diameter into 9 parts, and remove 1 part to get the side of the equivalent
square.
This rule seems to be attested in India.39
5.3. Improving the first method
The first method led to replacing a division into 12 parts by a division into 13 parts. Later on, presum-
ably when the inaccuracy of this result was realized, one may have gone on to try a division of the side
into 14 parts. We are led to the rule:
Divide the measure into 14 parts and take the mantissa of the side to consist of 6 of these parts.
Since 6 = 7 − 1, and 7 is half of 14, this amounts to adding half the measure, and subtracting the four-
teenth part of the measure. For a measure of one an˙gula, this gives a mantissa that differs from 1 12 an˙gula
by one an
.
u, using definition (I.4) of the an
.
u (Section 4.2). This accounts for definition (I.4). If the side
38 This unit is defined in (I.11), see also Ma¯. ´Sl.S. (2.1).
39 According to [Datta, 1932, 149], Ma¯. ´Sl.S. (1.27) contains the statement: “a square of two by two cubits is equivalent to a
circle of radius one cubit and three angul[a]s.” Recall that one cubit (aratni) is 24 angulas. This rule is equivalent to the rule
from the Ahmes papyrus that attracted Cantor’s attention (see Section 3.2, footnote 17).
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diagonal contains 10 parts. This accounts for Ma¯. ´Sl.S. (11.14).
What is the corresponding circulature rule? To find the diameter of a circle equivalent to the given
square, we must again add to the side two parts.40 Since the side is divided into 14 parts, the diameter of
this circle is therefore equal to 16 of these parts. Equivalently, defining a new unit which consists of two
of these parts, we find the simpler statement: if the side is divided into 7 parts, the diameter of this circle
is equal to 8 of these parts. This is readily inverted:
(c) The diameter consists of 8 parts of which 7 make the side of the equivalent square.
(c′) To get the side, divide the diameter in eight parts and leave out one.
This is the rule Cantor suspected, on different grounds; see Section 3.2. It yields the beginning of rule
(I.59): “s/d ≈ 1 − 1/8.”
5.4. Quadrature rule (I.59): first part
The second method to improve upon statements (a) and (b) of Section 5.2 consists in taking AX as the
unit, and expressing both statements in terms of the same subunit. It will lead directly to the first line of
rule (I.59): “s/d ≈ 1 − 28/(8 × 29).” Indeed, dividing the three parts that make up AX in (a) into four
parts each, we find:
(a′) If AX consists of 12 parts of which 8 make AC, then AX is too long.
Similarly, dividing the four parts that make up AX in (b) into three parts each, we find:
(b′) If AX consists of 12 parts of which 9 make AC, then AX is too short.
These two choices of X are consecutive in this method, since there is no integer between 8 and 9. To
proceed further, we should divide each part into two parts. We therefore consider the subdivision of the
unit AX into 24 parts. This leads to the statements:
(a′′) if AX consists of 24 parts of which 16 make AC, then AX is too long;
(b′′) if AX consists of 24 parts of which 18 make AC, then AX is too short.
A reasonable choice is therefore to set X so that AX consists of 24 parts of which 17 make AC.
Let us now consider the quadrature method associated with this rule, which directs us to divide the
measure into 17 parts, and to take a mantissa of 7 parts, giving a total of 24 parts. Assume the measure
represents the half-side of a square. Anticipating the division into three required in (I.58), let us further
divide each of the 17 parts into 3; we obtain the statement:
If the measure is now divided into 51 parts, the mantissa consists of 21 parts. (10)
40 One adds one part to the half-side to get the radius, hence two parts to the side to get the diameter.
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of its own mantissa. This gives a radius of 51 + 7 = 58 parts. If we scale units by 2, the radius becomes
the diameter, and the half-side becomes the side. Therefore, we reach the rule: divide the side into 51
parts; 58 of these parts give the diameter of the equivalent circle. This is readily inverted:
Divide the diameter into 58 parts; remove 7 of these parts to get the side of the equivalent square.
How would one use such a rule in practice? The naive way would be to divide into 2, and then into 29
parts, since 58 is 2×29. But we also expect the result to be close to 7/8, because 58 is close to 56, which
is 7 × 8; this is also suggested by statement (c′) in Section 5.3. It is therefore better to further divide each
of the 58 parts into 4, giving a division into 8 × 29 parts. This gives the rule:
Divide the diameter into 8 parts, and one of these parts into 29 parts: of these 29 parts, remove 28 (that is,
4 × 7) to get the side of the equivalent square.
We have recovered the first line of (I.59) precisely in the form given in the text.
The author could have simply directed us to divide the diameter into 8 parts, to remove one of these
parts, and then to add the 29th part of the part we just removed. He did not: by keeping the mention of
28 = 4 × 7 parts to be removed from the diameter, he has included in the text a clue about its rationale.
5.5. Derivation of Ma¯. ´Sl.S. (12.1): the half-way rule
At this stage, the diagonal of a square of side 17 units contains 24 of these units. Consider now a
square of side 24. By Bau. ´Sl.S. (I.45), its diagonal generates a square of double area, which must be four
times the area of the initial square of side 17.41 The diagonal of the second square must therefore be equal
to 2 × 17, or 34 units. In other words, the diagonal of a square of side 24 units must be taken to consist
of 34 units. Taking a unit twice as large, we find a new rule:
The diagonal of a square of side 12 units consists of 17 units.
Now 17 = 12 + 6 − 1, and 6 is half of 12. Therefore:
To obtain the diagonal from the measure of the side, add half to the measure, and subtract one-sixth of this
half.
This recovers rule Ma¯. ´Sl.S. (12.1).
An alternative derivation of the same rule, using the cord of Section 4.5.1, is as follows (see Fig. 5). Let
H be such that CH is one-third of the measure. Recall that CD is half the measure. Statement (a) implies
that X lies between C and D. Statement (b) implies that X cannot lie between C and H . Therefore, X lies
between H and D. Now, let us again take the unit of length in such a way that we may compare these
two statements (a) and (b): we choose as unit the 12th part of AC. Therefore, CH contains four parts,
and CD six, again as in Section 4.5.1; we find:
41 This is an application of rule Ma¯. ´Sl.S. (11.11) given in Section 4.5.2.
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(a′′′) If CX contains 4 parts of which 12 make AC, then CX is too short.
Furthermore,
(b′′′) If CX contains 6 parts of which 12 make AC, then CX is too large.
If X1 and X2 are the two choices for X in the above two statements, it is natural to take CX half-way
between CX1 and CX2, that is, to fold X1X2 in two parts to define X. We therefore take CX equal to 5
parts of which 12 make the measure. CD contains 6 of these parts, and XD, which is CD −CX, is then
equal to one of these parts. In other words, X coincides with the mark I , introduced in Section 4.5.1,
which divides segment HD into two equal parts. Thus, ID is one-sixth of CD, or one-twelfth of the
measure AC. Therefore AX equals AC + CD − XD, which is indeed the measure AC increased by its
half, minus one-sixth of this half.
This value is given in a different form in the beginning of (I.61), namely 1 + 13 + 14 · 13 . It therefore
expresses it as a correction to 1 + 1/3 (rather than 1 + 1/2). This form corresponds to expressing CX as
CH +HX; CH contains 4 parts of one twelfth of the measure, and HX contains one. Therefore, AX is
indeed given by the rule
Increase the measure by its third and this third by its own fourth,
which is the beginning of (I.61).
5.6. Quadrature rule (I.59): second part
We were just led to a mantissa of one-third plus one-fourth of this third. The next step is to derive
the corresponding quadrature rule. To enable comparison with the best method at hand at this point (the
method of Section 5.4), we consider a square of half-side divided into 51 parts.
Let us follow (I.58) step by step. We first need the mantissa of a measure of 51 parts: it is obtained by
adding one-third (namely 17), and one-fourth of this third; and one-fourth of 17 is 14(16 + 1), that is, 4 14 .
The result is:
If the measure is now divided into 51 parts, the mantissa consists of 21 14 parts. (11)
Therefore, if the measure represents the half-side of a square, the excess of the half-diagonal equals 21 14 .
Dividing the excess by 3, we find that the radius of the equivalent circle is 51 + 7 112 , or 58 112 . Recall
that the beginning of (I.59) gave instead 58 parts for this radius. If we wish to reconcile these two rules,
considering that they are both equally incorrect, we are led to a new rule, halfway between the two: the
radius of the equivalent circle is 58 1 . Inverting, we find the rule:24
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Now we come to a difficulty: in order to make sense of this result as a correction to the previous one, we
would like to answer the question: “What is the side of the square corresponding to a circle of radius 58?”
We may expect it to be less than 51, but by how much? A direct approach is unwieldy: it would involve a
subdivision into 51 × 24, or 1224 parts. Keeping in mind that the correction is likely to be only slightly
larger than the other errors in the method, it is reasonable to seek a gross value instead. First of all, let us
multiply all numbers by 4, as in Section 5.4. Since, as before, 4 × 58 = 4 × 2 × 29 equals 8 × 29, rule (d)
becomes:
A circle of diameter 8 × 29 + 16 corresponds to a square of side 4 × (58 − 7); that is, 8 × 29 − 28.
Now, let us consider the side S corresponding to a circle of diameter 4 × 58 = 8 × 29. It must be smaller
than 4 × 51. Let us therefore define ε by
S + ε = 4 × 51 = 8 × 29 − 28.
Therefore,
(d′) A circle of diameter 8 × 29 + 16 corresponds to a square of side 8 × 29 − 28.(d′′) A circle of diameter 8 × 29 corresponds to a square of side S equal to 8 × 29 − 28 − ε.
Now, whatever its value, S is obtained from a cord of length 8 × 29 by a combination of subdivision and
addition of parts. Similarly, S + ε is obtained by applying the very same operations on a cord containing
8 × 29 + 16 parts. For instance, to divide a cord of 8 × 29 + 16 parts into 29 parts, we may first divide
the portion containing 8 × 29 parts—which gives 8 parts—and then the remaining 16 of a part, giving a
final result of 8 + 1/(6 × 29) parts. The same applies to all the cord operations we have performed so far.
Since S is the side corresponding to a circle of diameter 8 × 29, we find:
ε is the side of the square equivalent to the circle of diameter 1/6.
Since we settled for an approximate value, it suffices to use a crude rule to estimate ε. One such rule has
already been mentioned in Section 5.4; it directs us to remove one-eighth of the diameter to get the side.
Applying it here, we find:
Divide 1/6 into 8 parts and remove one; the result is close to ε.
We recognize the second part of (I.59). Since S is 8 × 29 − 28 − ε, rule (d′′) now yields the quadrature
rule:
Divide the diameter into 8 parts, one of these into 29 parts, remove 28 of these parts, and also one-sixth
from which one-eighth has been removed.
We have reconstructed (I.59) precisely as it is stated in Bau. ´Sl.S.
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36, and carried rule (I.58) through, one would have obtained a quadrature rule involving a division into
41 parts, rather than 29 parts. Such a rule is not attested in any of the texts we have.
5.7. Further application of the halfway rule: derivation of (I.61)
Once a sharpened rule has been obtained for the quadrature, it is natural to apply the same technique
to the mantissa. Now, the mantissa of a unit divided into 51 parts contains 21 parts according to one rule
(see Eq. (10)), and 21 14 according to the other (see Eq. (11)). This suggests taking a mantissa of 21 18 ,
halfway between the two. This may be expressed as a correction to the first of these two rules (in which√
2 is taken to be 1 + 5/12), by subtracting one part in 8 × 51 of the measure. Now this division into
8 × 51 parts is obtained by dividing by 2 three times, then by 3, and finally by 17. It is equivalent to
divide the measure first into 12 parts (2 × 2 × 3 parts), and the last part into 34 (or 2 × 17 parts). Putting
this together, we find:
To the measure add one-third, and one-fourth of this third (giving 17/12 of the measure), and then subtract
the thirty-fourth part of the latter; the result is the measure-cum-mantissa (savis´es
.
a).
We have reconstructed (I.61–62) in the form stated in Bau. ´Sl.S.
6. Conclusion
The Baudha¯yana- ´Sulva-Su¯tra (Bau. ´Sl.S.) contains a rule for the quadrature of the circle for which
many modern historians have attempted to give a rationale. The problem posed by this rule, (I.59), is
this: on the one hand, it appears to be an arithmetic quadrature, since it is given in terms of numbers of
parts of a measure; but on the other hand, it belongs to a corpus in which elaborate manipulations with
fractions are not attested. The examination of earlier attempts at accounting for (I.59), which made use
of fractions, has shown (Section 3) how it gradually became clear that such reconstructions are not only
unlikely, but in fact untenable.
Having established this first point, we went back to Bau. ´Sl.S. and other texts of the same corpus, to
find out how the manipulation of parts of a unit could have been performed. Now, the texts describe
cord and brick manipulations in a consistent manner for this purpose: they define standards of length and
area, absolute as well as relative, and describe a number of operations, using unambiguous terminology
(Sections 4.1–4.4). We called this modus operandi “scale-calculus,” since its basic feature is that units
are scalable.
Next, since the ´Sulvas consider the quadrature of the circle and the evaluation of the square root of 2
to be closely related problems, we reviewed the approximations of
√
2 and the examples of quadrature
attested in the text (Sections 4.5 and 4.6, respectively).
We then investigated the quadrature rules and approximations of
√
2 which arise naturally when the
procedures of scale-calculus are applied. Starting from the approximations 1 12 and 1
1
3 of the square root
of 2, which are the simplest among the approximations found in Section 4.5, we found that, if one al-
lows changes of scale and changes in the number of parts of a cord, one is led to the rules found in
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tent derivation of (I.59). Confirmation of the correctness of this approach is provided by the following
facts:
• the formulation of rules (I.58–62) in terms of cords follows the text very closely, which is not the
case for any other formulation;
• the wording of (I.59) also reflects very closely the steps of the proposed rationale;
• in addition to quadrature rule (I.59), the cruder quadrature rule (I.60) and the approximation (I.61–62)
for
√
2 are also recovered;
• the order of the rules in Bau. ´Sl.S. corresponds to the order in which results arise in the reconstruction;
• the intermediate steps in the derivation are attested in the ´Sulvas. We recover in particular a crude
quadrature rule suggested by Cantor, and a quadrature rule found in an edition of Ma¯. ´Sl.S.
Thus, a rationale for (I.59) has been reconstructed, by paying close attention to the wording and order
of results, and to the coexistence within the text of simple and elaborate results side by side. We have
been led in the process to reconstruct a scale-calculus, which is not conveniently described in terms
of (geometric or syncopated) algebra, or arithmetic, but which represents the operations found in the
texts.
The question of the origin of the scale-calculus remains: Indus Valley? Post-Vedic indigenous develop-
ment? Other Indian substrates? Egypt? Sumer? At any rate, since our methods are based on the internal
consistency of the texts, they are independent of dating or transmission issues. Thus, even though we
have proposed a derivation of Ahmes’ rule in Section 5.2, we need to know what modus operandi led
the Egyptians to this result before we may consider the hypothesis of transmission. As is now well
established among historians of mathematics, the search for the origins of mathematical concepts and
practices cannot proceed before first clarifying the processes we actually see at work in ancient mathe-
matical texts.
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